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Asset Allocation in Investing to Meet Liabilities 
Anthony Dardis* and Vinh Loi Huynh t 
Abstract 
We present some rudimentary concepts on asset/liability management and 
describe an approach to asset allocation modeling for institutions that invest to 
meet liabilities. The traditional risk/reward framework of financial economics 
is used as a starting pOint. The definitions of risk and reward are then refined 
with regard to the institution under consideration. A simple model of a U.S. 
life office is examined. We assume that the only investments available are 
domestic stocks and long-dated government bonds. Stochastic simulation is 
used to create a large number of future investment scenarios using historical 
total return data for these asset classes. The ability of the institution to meet 
its liabilities under each simulated scenario is examined. We construct optimal 
risk/reward profiles, and hence the optimal asset allocation strategy, and show 
that they can vary considerably by liability profile. 
Key words and phrases: asset/liability management, Monte Carlo simulation, 
risk, reward, solvency 
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1 Historical Overview 
Both financial economists and actuaries have been involved in the 
development of quantitative asset allocation techniques for many years. 
The two major asset allocation techniques examined are immunization 
and mean/variance analysis. 
1.1 Immunization 
In 1952 Redington introduced the theory of immunization. Since 
then, the theory of immunization has had a profound influence on 
the way actuaries approach the valuation of insurance companies and 
their assessment of solvency. As a practical asset/liability management 
(ALM) model for insurance companies, immunization has had little com-
petition to date. Tilley (1988) remarked that "a whole investment advi-
sory business has grown up in the United States around immunization 
concepts." 
The idea of equating the duration l of assets with the duration of 
liabilities has been used widely by insurance companies worldwide. Re-
cently the notion of convexity (which is similar to duration, but with 
second derivatives replacing first derivatives) has given immunization 
new life. But immunization does have its limitations: (i) it has little rel-
evance to interest-sensitive and performance-linked products; and (ii) 
immunization immunizes against profits as well as against loss. 
Redington's ideas today may be viewed as the classical actuarial ap-
proach to ALM. The success of the Redington model as an accepted 
ALM tool lies in its relative simplicity and the ease with which the cal-
culations necessary to test immunization can be made. As Buff (1989) 
states "if you can't compute it, you can't compute it." It is not possible to 
use theoretical advances unless it is feasible to execute the calculations 
necessary in these advances. 
Actuarial research into ALM modeling was muted for many years 
after Redington, but the actuarial profession recently has found a new 
interest in the subject. Some of the most interesting work has been in 
the United Kingdom where pioneering stochastic investment modeling 
has been done by Wilkie (1986). The focus of the U.K. work, however, 
is in the area of solvency testing. See Hardy (1993) for an excellent 
example of the usage of stochastic modeling in assessing solvency. 
A new concept is beginning to appear in the ALM literature in the U.S. 
concerning solvency in connection with ALM; this is the idea that ALM 
1 Duration of a financial instrument is a measure of its sensitivity to interest rates 
at various points on the yield curve. 
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focuses on asset/liability surplus management (ALSM). ALSM refers to 
ALM that focuses on the NAIC risk-based capital standards. These stan-
dards require certain minimum surplus amounts to be maintained in 
respect of various classifications of risk. An ALSM model might assess 
how well the required minimum surplus levels are likely to hold us-
ing the potential investment strategies under consideration. Hepokoski 
(1994) gives an excellent introduction to ALSM as an extension of ALM. 
In practice, an asset allocation model might view the risk-based capital 
standards as constraints rather than defining risk purely in terms of 
those standards. 
1.2 Mean/Variance Analysis 
The same year that Redington published his ideas on immunization, 
one of the most important papers of modern financial economics also 
was published. In 1952 Markowitz introduced the idea of asset alloca-
tion within a risk/reward tradeoff framework. 
Markowitz notes that a reduction in risk, measured by the standard 
deviation of return on assets, could be achieved by diversification (into 
assets whose returns are uncorrelated) without any reduction in return. 
Markowitz also introduced the idea of an efficient frontier, which is a 
curve joining the risk/reward combinations of asset mixes that give the 
highest reward for any given level of risk. 
At the time the financial world was not ready for the concept of 
an efficient frontier-to return to Buff's truism, computer power had 
not reached the stage where Markowitz's ideas could be implemented. 
A practical adaptation of these ideas had to wait over a decade, when 
Sharpe (1963) introduced the diagonal model that suggests that the fu-
ture price of a security depends on its alpha, the market return through 
its beta, and a random error term, the values based on simple linear re-
gression on historical data. This marked the birth of the now widely 
used capital asset pricing model. 
Sharpe (1970) suggests that mean and variance alone "may suppress 
too much reality" and that a different utility curve may be needed to 
compare different portfolios of different riskiness. Risk is not neces-
sarily the same for all investors; in Arthur's words (1989), "risk is in the 
eye of the beholder." 
Many of Sharpe's ideas in the area of asset/liability management are 
summarized in Managing Investment Portfolios (1990). In this volume 
he presents the concepts of risk/reward indifference curves and states 
that "the optimal asset mix lies at the point at which an indifference 
curve is tangent to (Le., touches but does not intersect) the curve along 
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which the efficient investment opportunities lie." He also presents a 
complete ALM model for a defined benefit pension scheme in which re-
ward is defined in terms of surplus return (equal to the change in value 
of surplus divided by the initial asset value) and risk is the standard 
deviation of the surplus return. Such a model is close to the model we 
use in this paper. 
1.3 Other Approaches to ALM 
Other variations on the efficient frontier idea experiment with con-
straints that can be used to narrow acceptable portfolio mixes on the 
efficient frontier. They also attempt to be dynamic in the sense that ac-
ceptable portfolio mixes change and reflect the particular market con-
ditions present at any particular time. 
A good example of such a model is developed by Leibowitz, Kogel-
man, Bader, and Dravid (1994). Looking at a one year time horizon, 
their model updates the asset allocation strategy whenever interest 
rates move. Their model does not just look at portfolios on the effi-
cient frontier, but also introduces the constraint that portfolios must 
have no more than a specified probability of generating one year returns 
that fall below a certain level. This is incorporated by the introduction 
of a shortfall line, such that all portfolios above the line of constraint 
meet the maximum probability criterion. 
If interest rates fall (with the equity risk premium, stock and bond 
volatilities, and stock/bond correlations all held constant) the entire 
risk/reward curve will shift down, decreasing the expected returns of 
all potential portfolio mixes. With the shortfall line unchanged, mar-
ket conditions make all portfolios riskier in shortfall terms, and few 
portfolios will fall above the shortfall line. This requires revision of the 
bond/equity mixes previously deemed acceptable. 
1.4 Objectives of this Paper 
We will develop a simple model of an insurance company and use 
it to explore some of the basic concepts of ALM. The model is a true 
ALM model where the two sides of an institution's balance sheet are 
considered equally in setting or appraising long-term investment policy. 
The nature of financial risk is briefly explored. Risk is related to 
the chance of not meeting the rate of return that is required to support 
a life insurer's liabilities, rather than the typical risk measures postu-
lated by mean/variance models. A specific measure of risk, based on 
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the probability of continued solvency rather than asset volatility, is in-
troduced. 
The company is assumed to invest only in domestic stocks and long-
dated government bonds. Stochastic simulation is used to create a large 
number of future investment scenarios using historical total return data 
for domestic stocks and long-dated government bonds. The ability of 
the institution to meet its liabilities under each simulated scenario is 
examined for each possible mix of assets and risk characteristic. Thus, 
for each asset mix, the model produces a certain level of risk and a 
certain level of reward. 
We then assess the minimum level of risk for any particular level 
of reward; the asset mix that produces such a level of risk is retained, 
and all such retained risk/reward points are plotted to create an op-
timal risk/reward profile. The paper demonstrates that such optimal 
risk/reward profiles-and hence the optimal asset allocation strategy-
can vary considerably by liability profile. 
2 VVhat is Return? 
Although the meaning of the term return on assets usually can be 
taken for granted in financial modeling-it is based on market value 
changes after allowing for positive and negatiye cash flows-this is not 
the case in an ALM model. This extra consideration arises because def-
initions of return and risk must be consistent. 
In our paper risk is viewed as the ability of the financial institution 
to demonstrate, from time to time, that it is in a financially stable situ-
ation. This requires an assessment of the solvency of the institution by 
comparing the actual value of assets with the value of assets required 
for the institution to meet future liabilities. 
For a U.S. life office a solvency valuation is required by regulation, 
and asset values in such a solvency test are prescribed by state law or 
by the National Association of Insurance Commissioners (NAIC). This 
valuation generally requires carrying assets at market values, although 
there are important exceptions such as amply secured bonds not in 
default that are written up or down in order that the value at maturity 
will equal the maturity value. To be consistent with the risk/solvency 
assessment, return must be defined in terms of return on the actuarial 
value of assets as carried in the solvency valuation, and these values 
mayor may not be market values. 
Our highly simplified model office is in a financially unstable condi-
tion if the office becomes insolvent, which will arise if the actual return 
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on assets falls below the expected return on assets used in pricing the 
liabilities. (The expected return is the terms on which the business was 
sold.) In other words, risk is defined in terms of underperforming the 
pricing assumptions over the lifetime of the policies. No reference is 
made to valuation margins and capital (the reserves and, therefore, the 
value of assets required from year to year are based purely on the as-
sumptions used in setting the premium rates), and the values of assets 
are based on market returns. In effect, risk is in terms of actual market 
returns underperforming expected market returns, so both risk and re-
turn need to be defined in terms of market values. The actuarial value 
of assets is defined as the market value of assets. 
In practice, the risk of insolvency should not be judged against pric-
ing assumptions with no valuation margins and no capital; if valuation 
margins and capital were incorporated, it would be more appropriate 
for the risk measures to be based on statutory results rather than sim-
ply on market values. Also, risk ideally should be measured not just by 
the probability of underperforming, but by the amount of underperfor-
mance. 
3 The Model 
There are four important stages in the development and exploration 
of the model: 
• An assessment has to be made of the probability distribution of 
the returns on assets available to the financial institution; 
• An accurate cash flow projection must be made of the future lia-
bility outgo of the financial institution; 
• Using the information about the probability distribution of asset 
returns, large numbers of possible investment scenarios must be 
derived. The performance of the fund in meeting the liabilities 
under each scenario must be examined; and 
• A large number of runs will enable an assessment of how a partic-
ular mix of the various asset classes will meet the liabilities. This 
assessment forms the basis for the construction of a risk/reward 
profile from which possible optimal asset mixes can be considered 
for investment policy. 
The means used to explore the model is via Simulation, where the sim-
ulated variable is the return on assets. Simulation is necessary because 
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a mathematical solution to the model is too complicated. This com-
plication is due not to the intractability of the return on assets, but is 
due to the other variable in the model-the risk variable-which is not 
necessarily a straightforward variable to handle mathematically. Even 
the risk variable that we adopted for this paper, although simple in 
concept, is difficult to express mathematically. More sophisticated def-
initions of risk that also incorporate constraints would pose even more 
of a challenge. 
As a result, the simulation process starts by generating random ob-
servations for the random variable with a known distribution (or at 
least a distribution for which a reasonable assessment can be made) 
that can be used to calculate random observations for the complicated 
random variable. From these observations it is possible to make infer-
ences about the distribution of the complicated variable. 
We assume that the financial institution being assessed is a life office 
that issues a large number of level annual premium whole life policies 
on male lives age 50 at entry, and these policies all begin today. The 
only decrement is mortality, and this is assumed to accord with the 
Society of Actuaries (SOA) 75-80 15 Year Select and Ultimate Table (age 
nearest birthday). All expenses and commissions are assumed to be 
zero. 
Let Ft be the fund at end of policy year t. The model tracks forward 
for each of the years for which the whole life contracts are expected to 
be in force and computes the following for t = 1, 2, ... : 
Ft = (Ft -1 + Pd(1 + i) - Ct(l + £)1/2 (1) 
where 
i Interest rate used to determine the net premium; 
Pt Net premium received at start of policy year t; and 
Ct Aggregate claims in policy year t. 
Claims are assumed to occur on average in the middle of the year. 
Thus, the sequence {Ft } represents the target fund level to which 
the office should strive, based on an investment return equal to that 
assumed in the premium basis. If the actual fund falls persistently 
below this target fund in practice, the office is heading toward financial 
difficulties. It is therefore appropriate to examine the success of any 
particular investment policy in generating a fund size consistently at 
least as great as the target fund. 
Let Nt be the Simulated fund at the end of policy year t, then 
Nt = (Nt-1 + Pd(1 + sd - Cdl + sd 1/2 (2) 
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where St is the simulated annual rate of return in policy year t; and P t 
and Ct are as previously defined. Mathematically, St is defined as the 
weighted average of the simulated annual rates of return from stocks 
and bond, Le., 
St = Pt X Simulated Annual Return on Stocks 
+ (1 - pd x Simulated Annual Return on Bonds (3) 
where Pt is the proportion of assets invested in stocks during policy 
year t. 
Thus, for example, suppose that in year 1 we have the following 
information: 
• There is a mix of 60 percent in stocks and 40 percent in bonds; 
• The annual rates of return on stocks and bonds are 0.1507 and 
-0.0014, respectively; 
• The level net annual premium for a whole life policy covering a 
male age 50, face amount of $1,000, using the SOA 75-8015 Year 
Select and Ultimate Tables and assuming a rate of interest of 6 
percent, is PI = $16.38; and 
• The expected claims cost for year 1 is Cl = 1.7. 
We can determine Fl and Nl as follows: 
Fl = (0 + 16.38) x 1.06 - 1.7 x (1.06)1/2 = $15.61 
PI = 0.6 and 
SI = 0.6 x 0.1507 + 0.4 x -0.0014 = 8.986% 
yielding 
Nl = (0 + 16.38) x (1 + 0.08986) - 1.7 x (1 + 0.08986)1/2 = $16.08. 
As the simulated fund is in excess of the target fund, the office may be 
off to a good start. 
4 The Probability Distribution of Asset Classes 
The most difficult aspect of the construction of the model is deter-
mining the probability distribution of the available asset classes. To 
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avoid complicated analysis, we consider exclusively common stocks 
and long-dated government bonds. In our opinion this is a reasonable 
starting point for any discussion of the basic asset allocation decision 
process for a u.s. financial institution. 
We use the annual total returns for common stocks and long-term 
bonds compiled by Ibbotson Associates of Chicago. The data for these 
returns go back as far as 1926 and are shown in Table l. 
The first, and most critical, step in using this historical data is to 
establish the framework in which the data set can be used as a fore-
casting tool. The objective is to use the historical data as a basis for 
saying something about future returns. This raises three questions: 
• How much emphasis do we place on old data? 
• Do returns move randomly over time? And 
• Is there a relationship between stock and bond returns? 
Indeed, the question of whether the past is any indicator of the future 
is contentious in itself. This last assumption is not justified by either 
intuition or empirical evidence-it is a simplifying assumption for the 
purposes of the example presented in this paper. The decision on how 
to model returns could affect the results of the model materially. 
Considerable evidence exists to justify that stock prices, like bond 
prices, vary inversely with interest rate movements-see Solnik (1983) 
and Peavy (1992) for good discussions on the subject-so that some 
correlation should be recognized between stock and bond returns. In 
order to keep the model Simple and to concentrate on illustrating ideas 
outside those of modeling stock and bond returns, however, we employ 
the assumption that both stock and bond returns move randomly and 
independently of each other. Re-running the model to incorporate an 
approach that correlates successive returns in some fashion or recog-
nizes a relationship between stock and bond returns would introduce 
a major layer of complexity to the modeling process. 
To test the success of a fund in meeting its liabilities using any par-
ticular mix of stocks and bonds (assuming random returns), we derive a 
large number of potential individual investment scenarios by creating 
a set of random rates of return for each year for which the projec-
tion is made, where these random rates of return are based on cumula-
tive probability distributions constructed from the historical data. The 
projection period extends to the year in which all policyholders are ex-
pected to have died, in this case 52 years on the basis of the SOA 75-80 
table for a portfolio comprising excluSively 50 year old males. 
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Table 1 
Annual Returns for Common Stocks 
And Long-Term U.S. Government Bonds 
Year Stocks (%) Bonds (%) Year Stocks (%) Bonds (%) 
1926 11.62 7.77 1959 11.96 2.26 
1927 37.49 8.93 1960 0.47 13.78 
1928 43.61 0.10 1961 26.89 0.97 
1929 (8.42) 3.42 1962 (8.73) 6.89 
1930 (24.90) 4.66 1963 22.80 1.21 
1931 (43.34) (5.31) 1964 16.48 3.51 
1932 (8.19) 16.84 1965 12.45 0.71 
1933 53.99 (0.07) 1966 (10.06) 3.65 
1934 (1.44) 10.03 1967 23.98 (9.18) 
1935 47.67 4.98 1968 11.06 (0.26) 
1936 33.92 7.52 1969 (8.50) (5.07) 
1937 (35.03) 0.23 1970 4.01 12.11 
1938 31.12 5.53 1971 14.31 13.23 
1939 (0.41) 5.94 1972 18.98 5.69 
1940 (9.78) 6.09 1973 (14.66) (1.11) 
1941 (11.59) 0.93 1974 (26.47) 4.35 
1942 20.34 3.22 1975 37.20 9.20 
1943 25.90 2.08 1976 23.84 16.75 
1944 19.75 2.81 1977 (7.18) (0.69) 
1945 36.44 10.73 1978 6.56 (1.18) 
1946 (8.07) (0.10) 1979 18.44 (1.23) 
1947 5.71 (2.62) 1980 32.42 (3.95) 
1948 5.50 3.40 1981 (4.91) 1.86 
1949 18.79 6.45 1982 21.41 40.36 
1950 31.71 0.06 1983 22.51 0.65 
1951 24.02 (3.93) 1984 6.27 15.48 
1952 18.37 1.16 1985 32.16 30.97 
1953 (0.99) 3.64 1986 18.47 24.53 
1954 52.62 7.19 1987 5.23 (2.71) 
1955 31.56 (1.29) 1988 16.81 9.67 
1956 6.58 (5.59) 1989 31.49 18.11 
1957 (10.78) 7.46 1990 (3.17) 6.18 
1958 43.36 (6.09) 1991 30.55 19.30 
1992 7.67 8.05 
Source: Ibbotson, R.G. and Sinquefield, R.A. Stocks, Bonds, Bills and In-
flation, 1993 Yearbook. Chicago, Ill.: Ibbotson Associates, 1993. Used 
with permission. All rights reserved. 
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5 A Note on the Number of Simulations 
We need a sufficiently large number of simulations to ensure that 
a smooth curve can be drawn between any set of risk/reward points 
at a particular interest rate assumption and to accurately estimate the 
probability of insolvency, p. Suppose we perform n simulations and 
X is the number of times insolvency results, then we can estimate the 
probability of insolvency by p = X In. However, to ensure that our 
estimate has a high probability, say 1 - E (for small E > 0), of being 
within, say, a margin of 100()(% of the true value p, we must ensure that 
n satisfies 
Pr[(1- ()()p::::; Xln::::; (1 + ()()p] ;::: 1 - E. 
As n is large, we can appeal to the central limit theorem and show 
that the smallest value of n is given by: 
(4) 
where Zy is the 100(1 - y)% percentage point of the standard normal 
distribution. Suppose p is calculated using n = 1,000 simulations and 
the result is p = 0.1. Then if E = 0.05, equation (4) gives the minimum 
value of ()( = 0.186, derived from 
1000 = C·!6 r C ~.~.1 ) . 
This is not small enough to make a credible graphical presentation of 
a smooth risk profile. For example, if the values of p were plotted, 
a smooth curve (shape) would not be achieved, but a sample of ran-
dom points would result. If 25,000 simulations were used for p = 0.1, 
however, the margin ()( would be 0.037, which is accurate enough for 
graphical purpose. As a result, throughout this paper we use 25,000 
simulations. 
6 The Simulation Process 
The life office's simulation process must be built into its liability 
cash flow framework. This means the target fund needs to be com-
pared with the simulated fund in each year of projection, as derived 
under each simulated investment scenario. The progress of the tar-
get and simulated funds is tracked for the full expected future term 
of the business in force. This is repeated for various simulated stock 
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and bond returns-as discussed in Section 5, the model has been run 
using 25,000 simulations-using all possible combinations of stocks 
and bonds in steps of 1 percent and using liability profiles based on 
actuarial interest rate assumptions of 0 percent, 2 percent, 4 percent, 
6 percent, and 8 percent. 
For each simulated investment scenario, the internal rate of return 
for each mix of stocks and bonds is calculated as: [ ll/n rn = fl (1 + sd - 1 (5) 
where n is the projection period (in years). This return (rn ) is aver-
aged over the 25,000 simulated scenarios to derive an expected rate of 
return on the fund for any particular mix of stocks and bonds. This 
expected rate remains the same regardless of the liability profile under 
consideration. 
The next step is to determine how risk should be specified within 
the framework of the cash flow projections for any particular liability 
profile. This assessment is critical to the modeling process. For the pur-
poses of this paper, our measure of risk is defined as the probability of 
the simulated fund being less than the target fund for three consecutive 
years during the full projection period. A three year period (rather than 
a one year time horizon) is chosen on the premise that if the fund has 
gone this amount of time in an unbalanced financial position, it may 
have long-term financial problems. 
This definition of risk is a convenient way of assessing the real risk 
in the example used (the real risk is underperforming the pricing as-
sumptions over the lifetime of the policies) because of the way in which 
solvency is defined (Le., in terms of market value of assets versus liabil-
ities valued on the basis of original pricing assumptions). This would 
not be the case in a more sophisticated model that incorporates val-
uation margins and capital in its computations. In such instances an 
alternative measure of underperformance against pricing assumptions 
may be more satisfactory, with the risk of insolvency incorporated as a 
constraint. In addition, risk should be measured not just by the prob-
ability of underperforming, but by the amount of underperformance. 
We now formally define our measure of risk, R, algebraically as fol-
lows: For t = 3,4, ... , n, let 
{
I if Nt-k < Ft-k for k = 0,1,2; and 
Rt = 0 otherwise. 
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R is now given as: 
n 
R = Pr[U{R t = I}]. (6) 
t=3 
The measure of risk for any particular mix of stocks and bonds is the 
sum of all values of R over the 25,000 simulations, divided by 25,000 
to give an average probability of insolvency. 
7 The Monte Carlo Sampling Method Used 
In order to use Monte Carlo simulation, we first need to specify a 
distribution function of asset returns. In our case this function is an 
empirical function. If the rate of return on a particular asset class is 
defined as a random variable, S, then the empirical probability distri-
bution function (pdf), f(s) and the empirical cumulative probability 
distribution (cdf), F(s), of S must be determined. 
Suppose we have data on S and we construct a relative frequency his-
togram with m (a positive integer) distinct intervals such that a return of 
Sk-l < S s Sk occurs with relative frequency fk :2: 0, for k = 1,2, ... , m 
with Ir fk = 1. FollOwing Hogg and Klugman (1984, Chapter 3), we 
can construct a continuous cdf using a piecewise linear approximation. 
First we choose a sequence of points {Ck} such that Sk-l < Ck < Sk for 
k = 1,2, ... , m - 1, and Co = So and Cm = Sm. The CkS do not have to be 
equidistant. It can easily be verified that the cdf is given by 
o 
(5 - CO)!l / (Cl - Co) 
(5 - cm-dfm/(Cm - cm-d + I}:l l fj 
1 
for 5 < Co 
Co S 5 S Cl 
Cm-l S 5 S Cm 
5> Cm. 
(7) 
Having defined the cumulative distribution function of S, it is now 
possible to demonstrate how the random variable S is simulated (Le., 
how samples of the observation of the variable S are generated). Let U 
be a uniform distribution on [0,1]. The standard approach to gener-
ating a random variable S is as follows (see, for example, Bratley, Fox, 
and Schrage (1983, Chapter 5.2.2)): Suppose Ui is a random observa-
tion from U. We must determine the Cj be such that Cj S Ui S Cj+l. It 
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follows that the corresponding observation from S is Si where 
S' _ [F(cj+r) - Uil x Cj + [Ui - F(cj)] X Cj+l (8) 
t - F(cj+r) - F(cj) . 
Table 2 shows the cumulative distributions for the two asset classes 
(common stocks and long-term bonds) used in the model. Table 2 is 
derived from the basic data of Table 1. 
Table 2 
Empirical Cumulative Distributions Functions 
Common Stocks Long-Term Bonds 
k Ck F(Ck) Ck F(Ck) 
0 -45 0.00% -10 0.00% 
1 -40 1.49% -5 7.46% 
2 -35 2.99% 0 26.87% 
3 -30 2.99% 5 58.21% 
4 -25 4.48% 10 80.60% 
5 -20 5.97% 15 88.06% 
6 -15 5.97% 20 95.52% 
7 -10 11.94% 25 97.01% 
8 -5 22.39% 30 97.01% 
9 0 29.85% 35 98.51% 
10 5 32.84% 40 98.51% 
11 10 43.28% 45 100.00% 
12 15 50.75% 
13 20 62.69% 
14 25 73.13% 
15 30 76.12% 
16 35 88.06% 
17 40 92.54% 
18 45 95.52% 
19 50 97.01% 
20 55 100.00% 
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8 Results of the Simulation 
The results for each liability profile under consideration (Le., for 
each rate of interest assumption) using various combinations of stocks 
and bonds are summarized in Figure 1. In particular, Figure 1 shows 
the optimal risk/reward points for various possible combinations of 
stocks and bonds under the various interest rate assumptions used in 
pricing the underlying liabilities. A curve is drawn through the points 
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any line to the left of the minimum risk point can be ignored, because 
it is possible to achieve simultaneously a higher return and a lower risk 
by altering the mix of stocks and bonds. 
The point at which the minimum level of risk is achieved depends 
on the liability structure under consideration (Le., assumed interest rate 
used for pricing). At a rate of interest of 2 percent the minimum risk is 
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achieved where 32 percent of the fund is held in stocks and 68 percent 
of the fund is held in bonds. This minimum risk point shifts toward 
a heavier weighting in stocks as the rate of interest rises; at high rates 
of interest the minimum risk point is not achieved until 100 percent is 
held in stocks. 
Our results are intuitive, Le., if there is a high minimum guarantee, 
the office will be driven to more volatile assets (with higher potential 
upside and downside) because they are the only assets with a chance 
of outperforming the guarantee. An easy target is associated with a 
conservative strategy, and a difficult target is associated with a not-so-
conservative strategy. Although the not-so-conservative strategy often 
will miss the difficult target, it nevertheless has a higher probability of 
exceeding the target than a more conservative strategy that never hits 
the target. On the other hand, if a company is adequately capitalized, 
a 2 percent minimum guarantee will not result in a low stock holding. 
Further, there is a business risk associated with not being able to offer 
competitive guarantees. 
The curves based on the low rate of interest assumptions look like 
traditional efficient frontiers. This is not surprising. At relatively low 
rates of interest the nature of the liabilities becomes relatively unimpor-
tant, so the model reverts to the conventional asset-only model. But at 
relatively high rates of interest the concept of an efficient frontier col-
lapses, and at a rate of interest of 10 percent there is only one efficient 
point (where 100 percent is held in stocks). 
In practice the efficient frontier may be of limited use, because a 
life office may be required to hold certain asset categories. For exam-
ple, there may be an investment policy constraint within the office that 
at least 50 percent of the portfolio must be held in long-term bonds. 
Moreover, in many countries there are legal restrictions on the extent to 
which certain categories of asset may be held by life offices. Thus, this 
paper does not concentrate on analyzing the efficient combinations of 
the various asset classes. 
The final part of the exercise is to determine an acceptable level 
of risk; having decided this, it is possible to derive a uniquely defined 
optimal asset mix. For example, for the fund that has used a rate of 
interest assumption of 2 percent in its pricing assumptions, it may be 
appropriate to go 100 percent into stocks (and therefore go for the 
maximum possible return) if a probability of insolvency level of around 
30 percent were deemed acceptable. 
Setting an acceptable level of risk is a largely subjective decision, 
and in practice the usefulness of this model is in assessing the relative 
riskiness of various portfolio mixes rather than in making any sense of 
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the absolute values generated for the risk and reward of any particular 
investment policy in isolation. The absolute values for the probability 
of insolvency in the model look extremely high across the board, the 
result of the relatively large probability of a market crash in anyone 
investment scenario. See Hardy (1993) for similar findings when using 
a stochastic model. 
A highly artificial liability profile is being considered, and the fact 
that the results drive toward a higher stock allocation than most com-
panies hold in practice indicate the failings of the simplified model. A 
significant shortfall of the model is that the RBC implications of any 
particular asset allocation recommendation have not been considered; 
in practice, this would be a major constraint on the asset allocation 
decision. 
Because the example in this paper has been highly simplified, the 
liability structure is expressed entirely in terms of a pricing interest 
rate. Similar efficient frontiers could be created by merely comparing 
the simulated portfolio returns to the 0 percent to 8 percent pricing 
rates. 
Finally, the complete asset allocation model should incorporate the 
full range of assets available to the financial institution, which for a 
life office should include cash, property, and overseas stock and bond 
investment in addition to domestic stocks and bonds. 
9 Summary and Conclusion 
This paper describes an approach to asset allocation modeling for 
institutions that invest to meet liabilities. The model is consistent with 
conventional financial economics. Traditional risk/reward profiles be-
come apparent where the nature of the liabilities is not considered or 
is relatively unimportant, but such traditional risk/reward profiles may 
or may not become apparent once the nature of the liabilities is intro-
duced. Thus, the traditional ideas of financial economics have been 
shown to be a special case of the more general asset allocation system 
using a true ALM model. 
We have concentrated exclUSively on the applications of an ALM 
model in the context of a highly simplified life office issuing purely 
nonparticipating whole life assurance. The principles can be applied 
equally, however, to any financial institution that is concerned with in-
vesting to meet liabilities. 
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The critical element of the model is the definition of risk. It is not 
important that risk is taken as some measure of exposure to insolvency, 
but that it incorporates the liabilities. 
Refinement of the model to incorporate the features of participating 
business should not be problematic; this would be akin to lowering the 
rate of interest assumption used in pricing the liabilities which implic-
itly means a general reduction in the risk profile and, hence, potentially 
greater freedom in investment policy. 
The application of our model to a pension fund poses some interest-
ing issues, although these issues are specific to the particular country 
under consideration. Although it is recognized that pension funds can 
overcome deficit situations by increasing contribution rates from time 
to time, pension fund trustees may be interested in knowing whether a 
particular investment policy is more likely to lead to persistent deficits. 
Alternatively, if a primary objective of pension fund investment policy 
is to avoid unduly fluctuating contribution rates, then the ALM model 
could use a refined definition of risk (say, the probability of the fund 
falling outside a certain surplus or deficit range). 
Incorporating the inflationary aspects of a pension fund model is 
problematic. Possible approaches include linking inflation to the yield 
curve or stochastically modeling inflation as an independent variable. 
It is not obvious which of the two approaches may be more appropriate; 
perhaps, given the major uncertainties associated with inflation, there 
is no definitive model. Some innovative research in this area has been 
done by Wilkie (1986). 
There remains much exciting assetjliability modeling work to be 
done. Dramatic developments can be expected as microcomputer pro-
cessing power becomes more widely appreciated and makes the type 
of stochastic model described in this paper a standard tool of financial 
analysis. 
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